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1. INTRODUCTION
w xRoughgarden et al.'s model 1 of space dependent recruitment with
space independent growth and mortality is
› n x , t › n x , tŽ . Ž .
q s yu x n x , t , 1-1Ž . Ž . Ž .
› t › x
n 0, t s sF t 1-2Ž . Ž . Ž .
and
‘
F t ’ A y a x n x , t dx , 1-3Ž . Ž . Ž . Ž .H
0
Ž . Ž .where n x, t is the density of individuals of age x at time t, F t is the
Ž . Ž .unoccupied space, a x is the size of an individual of age x, u x is the
instantaneous death rate of organisms of age x, and A is the total
available area. Suppose the initial condition is
u x , 0 s n x . 1-4Ž . Ž . Ž .0
Ž .Then F t should satisfy
‘
F 0 s A y a x n x dx G 0. 1-5Ž . Ž . Ž . Ž .H 0
0
The three main processes considered in Roughgarden et al.'s model are
larval recruitment, growth by settled-in individuals, and mortality. It is
assumed in their model that the larvae settle on unoccupied space and the
Ž .amount of unoccupied space the free space is F. Also assume that the
total setting rate is directly proportional to F, with constant of proportion-
ality s.
Ž . Ž .System 1-1 ] 1-3 has not been studied thoroughly since it is too
Ž .complicated to study both analytically and numerically as pointed out
w xin 2 . Modified models have been studied intensively. Here, we mention
w x w x w x w x2 , 3 , 4 and 5 .
In order to study the dynamic behavior of open system where older or
larger individuals can inhibit the recruitment of juveniles from entering
the population and partially motivated by Roughgarden et al.'s work,
w xBence and Nisbet 3 considered the following two-stage model for the
sessile invertebrate populations. They assumed that the recruits take up no
space until after a set time t following settlement. When they enter the
adult population, each adult takes up an equal amount of space until all
the space has been occupied, i.e.,
dA
s sLF t y t y m A t , 1-6Ž . Ž . Ž .Adt
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where s is the settlement rate of juveniles, L is the through stage survival
probability of juveniles, m is the mortality rate of adults, andA
F t s 1 y a A t , 1-7Ž . Ž . Ž .A q
with a being the amount of the space occupied by an adult individual.A
Ž . Ž . Ž .Actually, 1-6 is a special case of 1-1 ] 1-3 . We can see this if we take
Ž . Ž . Ž . Ž . ‘ Ž .F t s 1 y a A t , u x s m , A t s H n x, t dx andA A t
a , x ) t ,Aa x sŽ . ½ 0, x F t .
There are two stages here. One of them models explicitly the adults and
the other models implicitly the juveniles. Bence and Nisbet's model as-
w x Ž .sumes that juveniles occupy some space. In 2 , 6 is modified to obtain
the following more realistic model of Bence and Nisbet:
dJ tŽ .
m tjs s F t y e F t y t y m J t , 1-8Ž . Ž . Ž . Ž .jdt
dA tŽ .
m tjs se F t y t y m A t , 1-9Ž . Ž . Ž .Adt
F t s 1 y a J t y a A t , 1-10Ž . Ž . Ž . Ž .j A q
Ž . Ž .and a global qualitative analysis to the model 1-8 ] 1-10 is performed.
Ž . Ž .From the above, we know that Roughgarden et al.'s model 1-1 ] 1-3 is
the basic model. However as far as we know that system has not been
studied seriously.
w x w x Ž . Ž .Motivated by the work of 2 and 3 , we study system 1-1 ] 1-3 when
Ž . Ž . Ž .a x takes the following form: a x ) 0 when x ) t and a x s 0 when
x F t . This means that there is a fixed time delay t between settlement
and recruitment. It is reasonable to assume that the maximum age of an
individual is x . Under these assumptions, we obtain the following modelm
Ž . Ž .from 1-1 ] 1-3 :
› n x , t › n x , tŽ . Ž .
q s yu x n x , t ,Ž . Ž . 1-11Ž .› t › x
0 - x - x , t ) 0,m
n 0, t s sF t , t G 0, and 1-12Ž . Ž . Ž .
xm
F t ’ A y a x n x , t dx , 1-13Ž . Ž . Ž . Ž .H
t
n x , 0 s n x , 0 - x - x , 1-14Ž . Ž . Ž .0 m
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Ž . Ž .where n x is the initial population density. We assume that a x and0
Ž .u x are known nonnegative functions on their domains. We further
Ž . w x w xassume that a x ) 0 for all x g x, x , a g C 0, x , and u has am m
divergent integral when the corresponding age tends to its limit value x .m
w xMore precisely, we assume that u g C 0, x for all x - x andm
x m Ž .lim H u r dr s ‘. This hypothesis assures that every individualx “ x 0m w xdies before the limit age. In 20 , we have done some preparation for
presenting a more systematic and complete qualitative analysis of model
Ž . Ž . w x1-11 ] 1-14 . In 20 , we defined an evolution operator and transformed
the system into an abstract ODE in Banach space. We have showed that
the operator generates a semigroup of operators and proved some proper-
ties of the semigroup.
This article is an attempt to present a more systematic and complete
Ž . Ž .qualitative analysis of model 1-11 ] 1-14 . The questions investigated here
are similar to those studied in earlier papers, namely, existence, positivity,
and boundedness of solutions. Global stability of the positive steady state
w xand persistence of the system are also investigated. In 1 , the stability of
the steady state for this system is analyzed by determining whether
solutions consisting of sums of exponentials converge to the steady state in
the limit as time tends to infinity. We will study the stability in a more
general context. We also discuss the ecological implications of our find-
ings.
The article is divided into the following sections. In Section 2, we do
some preparation. In Section 3, we establish the existence of a general
solution and discuss the positivity of this solution. In Section 4, we will
discuss the stability of the system by investigating the spectral properties of
the evolution operator defined in Section 2 and study the attractor of the
w x w x w x w xsystem by the method of 6 , 7 , 8 and 9 . In the last section we also give
ecological interpretations to our results.
2. PREPARATION
1w xTo begin with, we choose a function q g C 0, x such thatm
2 1q x s 0, for x f t , x q t , 2-1Ž . Ž .m3 3
xm
a x q x dx s A , 2-2Ž . Ž . Ž .H
t
Ž . Ž .where A is the same as in system 1-1 ] 1-3 . It is obvious that such q
Ž .exists. Here a x is the area occupied by individuals of age x, and so
Ž . Ž .a x ) 0 for x g t , x .m
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Let
p x , t s n x , t y q x . 2-3Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .If n x, t satisfies 1-11 ] 1-14 , then p x, t satisfies the following equa-
tions:
› p x , t › p x , tŽ . Ž .
q s yu x p x , t y u x q x y q9 x , 2-4Ž . Ž . Ž . Ž . Ž . Ž .
› x › t
0 - x - x , t ) 0,m
xm
p 0, t s ys a x p x , t dx , t G 0 2-5Ž . Ž . Ž . Ž .H
t
p x , t s n x y q x , 0 F x F x . 2-6Ž . Ž . Ž . Ž .0 m
Ž . Ž . Ž . Ž .Clearly 2-4 ] 2-6 and 1-1 ] 1-3 are equivalent in some way:
w x w x w xMotivated by the work of 21 , 10 , and 13 , we define an evolution
Ž . Ž .operator B and transform system 18 ] 20 to an abstract ODE in Banach
rŽ . Ž . rŽ . Ž .space L 0, x , r ) 1 . Let X s L 0, x 1 - r - ‘ . The evolutionm m
operator B on X is defined by
B : D B ; X ‹ XŽ .
Bf x s yf9 x y u x f x 2-7Ž . Ž . Ž . Ž . Ž . Ž .
Ž .where D B is the domain of B given by
xm
D B s f f , Bf g X , f 0 s ys a x f x dx . 2-8Ž . Ž . Ž . Ž . Ž .H½ 5
t
Ž . Ž .Now system 2-4 ] 2-6 can be written as an abstract ODE in the Banach
space X :
¡dp ?, tŽ .
s Bp ?, t y g ?Ž . Ž .~ 2-9Ž .dt¢p ?, 0 s p ? ,Ž . Ž .0
Ž . Ž . Ž . Ž . Ž . Ž . Ž .where p x s n x y q x and g x s u x q x q q9 x .0 0
Ž w x.Theorem 2.1 discusses the spectrum of the operator B see 20 .
Ž .THEOREM 2.1. The operator B defined by 2-7 has the following proper-
ties:
Ž . Ž . Ž .i s B s s B ;p
Ž . Ž .ii l g s B if and only ifp
xm xyl xyH uŽ r . d r0H l ’ 1 q s a x e dx s 0.Ž . Ž .H
t
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Moreo¤er, the geometric multiplicity of l is 1 and the corresponding
eigenfunction is
¤ x s eyl xyH0x uŽ r . d r ;Ž .
Ž . Ž . Ž . Ž .y1iii For any l g r B , R l, B s l y B is a compact operator
on X and
sH x m a x B f x dxŽ . Ž . Ž . xt ly1 yl xyH uŽ r . d r0lI y B f x s y eŽ . Ž .
H lŽ .
q B f x .Ž . Ž .l
Ž w x.Moreover, we have the following result see 20 about the spectral
properties of the operator B.
Ž . Ž .THEOREM 2.2. i s B consists of distinct eigen¤alues, i.e., there is nop
Ž .accumulation point in s B .p
Ž .ii B has no real eigen¤alue.
Ž .iii There is only a finite number of eigen¤alues of B in any finite strip
parallel to the imaginary axis.
Ž . Ž .iv There exists l g s B such that Re l F Re l for any l g0 p 0
Ž .  Ž . 4s B , and l g s B N Re l s Re l is a finite set.p p 0
Ž .For any 0 F t F t , we define T t : X ‹ X by
¡ yH xy tx uŽ r . d rf x y t e , t F x ,Ž .
x~ mysH a y f y y t q xŽ . Ž .T t f x s 2-10Ž . Ž . Ž .Ž . t
y x¢ yH uŽ r . d r yH uŽ r . d ryy tqx 0e dy e , x - t ,
Ž . Ž .where f g X. It is easy to see that T t 0 F t F t is a bounded linear
operator on X. For t ) t , we define
tw xtrtT t s T t T t y t , 2-11Ž . Ž . Ž .ž /t
w xwhere d denotes the largest integer less than d. Similar to the proof in
w x w x13 and 14 , we have:
 Ž .4THEOREM 2.3. The class T t of bounded linear operators is at G 0
Ž .strongly continuous C -semigroup on X and B defined by 21 is the infinitesi-0
 Ž .4mal generator of T t .t G 0
 Ž .4As for the properties of the C -semigroup T t , we have the0 t G 0
Ž w x.following important theorem see 20 .
Ž .THEOREM 2.4. If t G x , then T t is a compact operator on X.m
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3. EXISTENCE AND POSITIVITY OF THE SOLUTION
In this section we consider the existence and positivity of the solution of
Ž . Ž .system 1-11 ] 1-14 .
Ž . Ž . Ž .We know that n x, t is a solution of problem 1-11 ] 1-14 if and only if
Ž . Ž . Ž .p x, t satisfies 2-4 ] 2-6 , where
p x , t s n x , t y q x , t 3-1Ž . Ž . Ž . Ž .
Ž . Ž . Ž .and q x satisfies 2-1 and 2-2 . Now, we prove the following existence
theorem.
Ž . Ž . Ž .THEOREM 3.1. For a gi¤en initial function n x , let p x s n x y0 0 0
Ž . Ž . Ž . Ž . Ž . Ž .q x , where q satisfies 2-1 and 2-2 . If p g D B , problem 1-11 ] 1-140
Ž .has a unique solution n x, t gi¤en by
t
n x , t s q x q T t p x y T t y s g x ds, 3-2Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
Ž . Ž . Ž . Ž . Ž .where g x s u x q x q q x , x g 0, x .m
Ž .Remark 3.1. In the remainder of this paper, g x is always defined as
above.
w xProof. It follows from 16 that the problem
¡dt ?, tŽ .
s Br ?, tŽ .~ dt¢r ?, 0 s p ?Ž . Ž .0
Ž . Ž .has a unique solution r ?, t for p g D B . Therefore, if problem0
Ž . Ž . w x Ž2-4 ] 2-6 has a solution, then the solution is unique. From 16 see
. Ž . w .p. 107 , we know that problem 2-9 has a solution p on 0, ‘ for p g0
Ž .D B and
t
p x , t s T t p x y T t y s g x ds.Ž . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
Ž . Ž . Ž . Ž .By 3-1 , problem 1-11 ] 1-14 has a unique solution n x, t which is
Ž .defined by 3-2 . We have completed the proof of the theorem.
Ž . Ž .Actually, the solution of 1-11 ] 1-14 is not always positive for any
initial function. However we can prove the following theorem.
THEOREM 3.2. Assume that
xm xyH uŽ r . d r0s a x e dx F 1. 3-3Ž . Ž .H
t
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Ž . Ž . Ž .For a gi¤en nonnegati¤e initial function n x , assume p x s n x y0 0 0
Ž . Ž .q x g D B and
xm xyH uŽ r . d rxy ja x n x y j e dx F A for any 0 F j F t . 3-4Ž . Ž . Ž .H 0
t
Ž . Ž .Then problem 1-11 ] 1-14 has a nonnegati¤e solution, where q is defined by
Ž . Ž .2-1 and 2-2 .
Ž .Remark 3.2. Condition 3-4 means that the free-space level is rela-
tively high.
Proof. First, let 0 F t F t . We discuss the following cases.
Ž .Case a : If 0 F t F x F t , then we have
n x , t s p x , t q q x , tŽ . Ž . Ž .
s T t p xŽ . Ž .Ž .0
t
y T t y s u x q x q q9 x ds q q xŽ . Ž . Ž . Ž . Ž .Ž .H
0
s p x y t eyH xy tx uŽ r . d rŽ .0
t xyH uŽ r . d rxy tqsy u x y t q s q x y t q s e dsŽ . Ž .H
0
t xyH uŽ r . d rxy tqsy q9 x y t q s e ds q q xŽ . Ž .H
0
s p x y t q q x y t eyH xy tx uŽ r . d rŽ . Ž .Ž .0
s n x y t eyH xy tx uŽ r . d r G 0.Ž .0
Ž .Case b : If 0 F x - t F t , then
n x , t s p x , t q q xŽ . Ž . Ž .
t
s T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
xm j xyH uŽ r . d r yH uŽ r . d rjy tqx 0s ys a j p j y t q x e dj eŽ . Ž .H 0
t
t
y u x y t q j q x y t q j q q9 x y t q jŽ . Ž . Ž .Ž .H
tyx
= eyH xy tqj
x uŽ r . d r dj
xtyx m
q s a z u z y t q j q x q z y t q j q xŽ . Ž . Ž .ŽH H
0 t
qq9 z y t q j q xŽ . .
? eyHzy tqjqx
z uŽ r . d r dz dj eyH0
x uŽ r . d r q q xŽ .
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xm j xyH uŽ r . d r yH uŽ r . d rjy tqx 0s ys a j p j y t q x e dj eŽ . Ž .H 0
t
xm xyH uŽ r . d r0q s a z q z dz eŽ . Ž .H
t
xm z xyH uŽ r . d r yH uŽ r . d rzy tqx 0y s a z q z y t q x e dz eŽ . Ž .H
t
xm j xyH uŽ r . d r yH uŽ r . d rjy tqx 0s ys a j n j y t q x e dj eŽ . Ž .H 0
t
qsAeyH0x uŽ r . d r G 0.
Moreover, we have
xm xyH uŽ r . d rxy ja x n x y j , t e dx F A , for 0 F j F t . 3-5Ž . Ž . Ž .H
t
If 2t ) t G t and t ) x, then
t
n x , t s T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
t
s T t T t y t p x y T t y j g x djŽ . Ž . Ž . Ž . Ž .Ž .Ž . H0
t
x t
q q x y T t y j g x dj y T t y j g x dj .Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H
0 x
Thus, we have
n x , tŽ .
tyt
s T t T t y t p x y T t y t y j g x djŽ . Ž . Ž . Ž . Ž .Ž .Ž . H0ž /0
q sAeyH0x uŽ r . d r
am j xyH uŽ r .d r yH uŽ r . d rjytqx 0y s a j q j y t q x e dj eŽ . Ž .H
t
s T t p x , t y t q T t q x q sAeyH0x uŽ r . d rŽ . Ž . Ž . Ž .Ž . Ž .
s T t n x , t y t q sAeyH0x uŽ r . d r .Ž . Ž .Ž .
If 2t ) t G t and x F t , we have
n x , t s T t n x , t y t .Ž . Ž . Ž .Ž .
Ž .From 3-3 , we know that either
T t n x , t y t G 0 3-6Ž . Ž . Ž .Ž .
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or
T t n x , t y t G ysAeyH0x uŽ r . d r . 3-7Ž . Ž . Ž .Ž .
Ž . Ž .Therefore, n x, t G 0, for x g 0, x , t F t - 2t .m
If 2t F t - 3t and x F 2t , then
t
n x , t s T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
t
s T 2t T t y 2t p x y T j g x djŽ . Ž . Ž . Ž . Ž .Ž .Ž . H0
2t
x2t
y T j g x dj y T j g x dj q q xŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H
x 0
ty2t
s T 2t T t y 2t p x y T j q 2t g x djŽ . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
x2t m
y ys a z u x y j q z q x y j q zŽ . Ž . Ž .ŽH Hžx t
qq9 x y j q zŽ . .
?eyH xy jqz
z uŽ r . d r dz eyH0
x uŽ r . d r dj/
x xyH uŽ r . d rxy jy u x y j q x y j eŽ . Ž .ŽH
0
qq9 x y j eyH xy jx uŽ r . d r djŽ . .
q q x .Ž .
Thus, we have
n x , t s T 2t p x , t y 2tŽ . Ž . Ž .Ž .
xm z xyH uŽ r . d r yH uŽ r . d rxy 2tqz 0y s a z q x y 2t q j e dz eŽ . Ž .H
t
q sAeyH0x uŽ r . d r
s T 2t p x , t y 2t q T 2t q x q sAeyH0x uŽ r . d rŽ . Ž . Ž . Ž .Ž . Ž .
s T 2t n x , t y 2t q sAeyH0x uŽ r . d r . 3-8Ž . Ž . Ž .Ž .
If 2t F t - 3t and x G 2t , we have
n x , t s T 2t n x , t y 2t . 3-9Ž . Ž . Ž . Ž .Ž .
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Ž . Ž .Since n x, t y 2t G 0, if 2t F x, then n x, t G 0. If t - x, then
T 2t n x , t y 2t s T t T t n x , t y 2tŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
s T t n x y t , t y 2t eyH xy tx uŽ r . d r .Ž . Ž .Ž .
Ž . Ž .By 3-6 and 3-7 , we know either
T 2t n x , t y 2t G 0Ž . Ž .Ž .
or
T 2t n x , t y 2t G ysAeyH0x uŽ r . d r .Ž . Ž .Ž .
Ž . Ž . Ž .If t G x, by 3-3 , 3-6 and 3-7 , we have
T 2t n x , t y 2tŽ . Ž .Ž .
s T t T t n x , t y 2tŽ . Ž . Ž .Ž .Ž .
xm
s ys a z T t n z y t q x , t y 2tŽ . Ž . Ž .Ž .H
t
= eyH
z
zytqx uŽ r . d r dz eyH0
x uŽ r . d r
x xm m
s ys a z ys a j n j y t q z y t q x , t y 2tŽ . Ž . Ž .H Hž
t t
?eyH
j
jytqzytqx uŽ r . d r dj ? eyH
zytqx
0
uŽ r . d r /
= eyH
z
zytqx uŽ r . d r dz eyH0
x uŽ r . d r
x xm m
s s a z s a j n j y t q z y t q x , t y 2tŽ . Ž . Ž .H Hž
t t
=eyH
j
jytqzytqx uŽ r . d r dj ? eyH
z
0
uŽ r . d r dz eyH0
x uŽ r . d r/
xm z x xyH uŽ r . d r yH uŽ r . d r yH uŽ r . d r0 00F s s a z Ae dz e F sAe .Ž .Hž /
t
We also have
T 2t n x , t y 2t G ysAeyH0x uŽ r . d r .Ž . Ž .Ž .
Ž . Ž . Ž .Hence, it follows from 3-8 and 3-9 that n x, t G 0 for 2t F t F 3t and
Ž .x g 0, x .m
Ž . Ž .For kt F t - k q 1 t , if n x, t G 0 and
sAeyH0
x uŽ r . d r G T kt n x , t y kt G ysAeyH0x uŽ r . d rŽ . Ž .Ž .
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Ž . Ž . Ž . Ž .for x g 0, x , then for k q 1 t F t - k q 2 t and x g 0, x we havem m
t
n x , t s T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž . H0
0
s T k q 1 t T t y k q 1 t p xŽ . Ž . Ž .Ž . Ž .Ž .0
Ž .ty kq1 ty T j q k q 1 t g x djŽ . Ž .Ž .Ž .H
0
xŽ .kq1 ty T j g x dj y T j g x dj q q xŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H
x 0
s T k q 1 t T t y k q 1 t p xŽ . Ž . Ž .Ž . Ž . .0
Ž .ty kq1 ty T j q k q 1 t g x djŽ . Ž .Ž .Ž .H
0
xŽ . mkq1 ty ys a z u x y j q z q x y j q zŽ . Ž . Ž .ŽH Hžx t
qq9 x y j q z ? eyH xy jqzz uŽ r . d r dz eyH0x uŽ r . d r djŽ . . /
x xyH uŽ r . d rxy jy u x y j q x y j q q9 x y j e dj q q xŽ . Ž . Ž . Ž .Ž .H
0
s T k q 1 t p x , t y k q 1 tŽ . Ž .Ž . Ž .Ž .
xm z xyH uŽ r . d r yH uŽ r . d rxy Žkq1.tqz 0ys a z q x y k q 1 t q z e e dzŽ . Ž .Ž .H
t
qsAeyH0x uŽ r . d r
s T k q 1 t n x , t y k q 1 t q sAeyH0x uŽ r . d r G 0,Ž . Ž .Ž . Ž .Ž .
and
T k q 1 t n x , t y k q 1 tŽ . Ž .Ž . Ž .Ž .
s T t T kt n x , t y k q 1 tŽ . Ž . Ž .Ž . Ž .Ž
xm
s ys a z T kt n x y t q z , t y k q 1 tŽ . Ž . Ž .Ž . Ž .H
t
= eyH xy tqz
z uŽ r . d r eyH0
x uŽ r . d r dz
s sAeyH0x uŽ r . d r .
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We also have
T k q 1 t n x , t y k q 1 t G ysAeyH0x uŽ r . d r .Ž . Ž .Ž . Ž .Ž .
Ž . Ž .Now we have shown that n x, t G 0 for all x g 0, x and t G 0. Them
theorem is thus proved.
Ž . Ž .Remark 3.3. The model 1-11 ] 1-14 cannot guarantee the positivity of
Ž .the solution for positive initial function without condition 3-3 .
4. STABILITY AND THE ATTRACTOR
In this section we study the stability of the positive steady state of system
Ž . Ž .1-11 ] 1-14 .
Ž . Ž .It is easy to see that the positive steady state of system 1-11 ] 1-14 is
sA xyH uŽ r . d r0n x s e . 4-1Ž . Ž .Ã xx yH uŽ r . d rm 01 q sH a x e dxŽ .t
Ž . Ž . Ž . Ž . Ž . Ž .Let p x s n x y q x , where q x is defined by 2-1 and 2-2 . ThenÃ Ã
Ž . Ž . Ž .p x is the steady state of system 2-4 ] 2-6 .Ã
Ž . Ž .We note that p x g D B . SoÃ
t
n x , t s T t p x y T t y j g x dj q q x 4-2Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ã H
0
Ž . Ž .is the solution of 1-11 ] 1-14 . According to Theorem 3.1, one has, for all
Ž .t G 0 and x g 0, x ,m
t
n x s T t p x y T t y j g x dj q q x . 4-3Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ã Ã H
0
Ž .Here, we present another proof for 4-3 .
Actually, when 0 F t F x F t , we have
t
T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ã H
0
s p x y t eyH xy tx uŽ r . d rŽ .Ã
t xyH uŽ r . d rxy jy u x y j q x y j q q9 x y j e dj q q xŽ . Ž . Ž . Ž .Ž .H
0
s n x .Ž .Ã
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If 0 F x F t F t , then
t
T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ã H
0
x t
s T t p x y T j g x dj y T j g x dj q q xŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ã H H
0 x
x zm xyH uŽ r . d r yH uŽ r . d rzy tqx 0s ys a z p z y t q x e dz eŽ . Ž .ÃH
t
x xyH uŽ r . d rxy jy u x y j q x y j q q9 x y j e djŽ . Ž . Ž .Ž .H
0
xt m
y ys a z u z y j q x q z y j q x q q9 z y j q xŽ . Ž . Ž . Ž .Ž .H Hžx t
?eyH
z
zyjqx uŽ r . d r dz eyH0
x uŽ r . d r q q xŽ ./
x zm xyH uŽ r . d r yH uŽ r . d rzy tqx 0s ys a z p z y t q x e dz eŽ . Ž .ÃH
t
q sAeyH0x uŽ r . d r
xm j xyH uŽ r . d r yH uŽ r . d rjy tqx 0y s a j q j y t q x e dj e .Ž . Ž .H
t
Thus, we obtain
t
T t p x y T t y j g x dj q q xŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ã H
0
x yH
z
0
uŽ r . d ra z sAe dzŽ .m x xyH uŽ r . d r yH uŽ r . d r0 0s ys e q sAexH x yH uŽ r . d rm 01 q sH a x e dxŽ .t t
sA xyH uŽ r . d r0s e s n x .Ž .Ãxx yH uŽ r . d rm 01 q sH a x e dxŽ .t
Now, we know that
p x , t s n x , t y q x s n x y q x s p x , 0 F t F t .Ž . Ž . Ž . Ž . Ž . Ž .Ã Ã
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If t F t - 2t , then
t
n x , t s T t p x y T j g x dj q q xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ã H
0
tyt
s T t T t y t p x y T j g x djŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ã Hž /0
t
y T j g x dj q q xŽ . Ž . Ž .Ž .H
0
t
s T t p x , t y t y T j g x dj q q x .Ž . Ž . Ž . Ž . Ž .Ž . Ž .H
0
Thus we obtain
t
n x , t s T t p x y T j g x dj q q xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ã H
0
s n x , t s n x .Ž . Ž .Ã
Ž . Ž . Ž .In this way, we can show that if n x, t s n x for kt F t F k q 1 t andÃ
Ž . Ž . Ž . Ž . Ž .x g 0, x , then n x, t s n x for k q 1 t F t F k q 2 t and x gÃm
Ž . Ž . Ž .0, x . Hence, by induction we have proved n x, t s n x for all t G 0Ãm
Ž .and x g 0, x .m
Ž . Ž .Next we study the stability of the positive steady state of 1-11 ] 1-14 .
Ä  Ž .4Let M s n g X N n y q g D B for simplicity, where q is defined by
Ž . Ž .2-1 and 2-2 .
The following theorem is now obtained.
THEOREM 4.1. Assume that
xm xyH uŽ r . d r0s a x e dx F 1. 4-4Ž . Ž .H
t
For any e ) 0, there exists d ) 0, such that, if
xH uŽ r . d r0n x y n x e F d for all x g 0, x ,Ž . Ž . Ž .Ã0 m
Ä Ž . Ž . Ž .where n g M, then the solution n x, t of problem 1-11 ] 1-14 with theÄ0
initial function n satisfies the following inequality:0
n x , t y n x F e for all t G 0 and x g 0, x .Ž . Ž . Ž .Ä Ã m
Ž . Ž .Here n x is defined by 4-1 .Ã
Proof. For given e ) 0, take
y1xyH uŽ r . d r05 5d s e e .Ž .
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ÄFor n g M such that0
xH uŽ r . d r0n x y n x e - d , x g 0, x ,Ž . Ž . Ž .Ã0 m
Ž . Ž . Ž .we have the expression of the solution n x, t of problem 1-11 ] 1-14Ä
with initial condition n :0
t
n x , t s T t n y q x y T t y s g x ds q q x . 4-5Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ä H0
0
Ž . Ž .By 4-3 and 4-5 , we have
n x , t y n x s T t n y n x . 4-6Ž . Ž . Ž . Ž . Ž .Ž .Ä Ã ÃŽ .0
Ž .From 4-4 , if 0 F t F t , we get
T t n y n xŽ . Ž .Ž .ÃŽ 0
xyH uŽ r . d rxy t¡ n y n x y t e , x G tŽ .Ž .Ã0
x~ ms y sH a z n z y t q x y n z y t q xŽ . Ž . Ž .Ž .Ãt 0
x x¢ yH uŽ r . d r yH uŽ r . d ryz y tqx 0e dz ? e , t ) x
F d eyH0x uŽ r . d r , x g 0, x .Ž .m
If t - t F 2t , then
T t n x y n x s T t T t y t n y n xŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ã ÃŽ .Ž Ž .0 0
F d eyH x0 uŽ r . d r .
 Ž .4In this way, it follows from the definition of the semigroup T t thatt G 0
xyH uŽ r . d r0T t n y n x F d eŽ . Ž .Ž .ÃŽ .0
Ž .for all t G 0 and x g 0, x .m
Ž .By 4-6 , it follows that
xyH uŽ r . d r05 5n x , t y n x F d e F eŽ . Ž .Ä Ã
Ž .for all t G 0 and x g 0, x . The proof is now complete.m
To conclude this section, we discuss the existence of global attractors for
Ž . Ž .the dynamical system 1-11 ] 1-14 .
We need the following definition. A C -semigroup is said to be point0
Ž w x w x w x.dissipative in X see 6 , 17 and 18 if there is a bounded nonempty
Ž .set M in X such that, for any x g X, there is t s t x, M such that0 0
Ž .T t x g M for t G t . For the reader's convenience, we cite the following0
existence result of global attractors.
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Žw x w x.THEOREM 4.2. 6 , 19 Suppose that
Ž . Ž .i there is t G 0 such that the C -semigroup T t is compact for0 0
t ) t ,0
Ž . Ž .ii T t is point dissipati¤e in X.
Then there is a nonempty global attractor M in X.0
Ž w x w x w x.Here, a set M in X is said to be a global attractor see 6 , 17 or 180
Ž Ž . .if it is compact, invariant, and for any bounded set M in X, d T t M, M0
Ž .“ 0 as t “ ‘, where d M, M is the distance from the set M to the0
set M :0
d M , M s sup inf d y , x .Ž . Ž .0
xgM0ygM
We now can prove the following theorem.
x m Ž . yH0x uŽ r . d rTHEOREM 4.3. Suppose that sH a x e dx s g - 1. Let M be a0
Ä Ž .bounded set in X. If n g M l M and n x, t is the solution of problem0
Ž . Ž .1-11 ] 1-14 with initial function n , then there is a compact set K in X,0
Ž .which is in¤ariant for the semigroup T t , such that
d n x , t , K q n “ 0 as t “ ‘,Ž .Ž .Ã
where K q n is the set defined byÃ
 4K q n s ¤ q n N ¤ g KÃ Ã
Ž .and the function n is defined by 4-1 .Ã
 Ž .4 Ž .Proof. First, we will show that the semigroup T t defined by 2-1t G 0
is point dissipative in X.
For a given positive number N, let
5 5 4U s ¤ g X N ¤ F N .
Then U is a nonempty bounded set in X.
w xFor a given f g C 0, x , taking t ) x q 3t , we can find a positivem m
Ž . w xinteger k such that k q 1 t ) t G kt ) x . Then by 20 , we havem
T t f x s f t y x eyH0x uŽ r . d r q f t y x eyH0x uŽ r . d r , 4-7Ž . Ž . Ž . Ž . Ž .Ž . kq1 k
where f and f are defined as follows:kq1 k
xm jyH uŽ r . d rjy tf t s S f t s ys a j f j y t e dj ;Ž . Ž . Ž . Ž . Ž .H0 0
t
xm jyH uŽ r . d r
0f t s ys a j e f t y j dj , k s 1, 2, . . . .Ž . Ž . Ž .Hk ky1
t
ZHANG, FREEDMAN, AND LIU116
From the hypotheses,
xm
5 5 5 5f F f s a j dj ,Ž .H1 ž /
t
and
5 5 5 5f F g f , if k G 2.kq1 k
Ž .By 4-7 , one has, for k G 2,
5 5 5 5T t f x F f q fŽ . Ž .Ž . kq1 k
xmky2 ky1 5 5F g q g f s a j dj .Ž .Ž . Hž /
t
Ž .Since T t is a bounded linear operator, for any f g X, we also have
xmkq2 5 5T t f F 2g f s a j dj 4-8Ž . Ž . Ž .Hž /
t
Ž .for k q 1 t ) t G kt ) x q 3t .m
Ž .Since 0 - g - 1, for t sufficiently large, we get T t f g U.
Ž .We now can see that T t is point dissipative in X.
From Theorem 4.2 and Theorem 2.4, it follows that there is a nonempty
Ž .global attractor K in X for T t .
Ž . Ž . Ž .If n x, t is a solution of 1-11 ] 1-14 with the initial function n g0
ÄM l M, then
d n ?, t , K q n s inf d n ?, t , f q nŽ . Ž .Ž . Ž .Ã Ã
fgK
s inf n ?, t y f q nŽ . Ž .Ã
fgK
s d T t n y n , K “ 0 as t “ ‘.Ž . Ž .ÃŽ .0
The theorem is proved.
Remark 4.1. In fact, the element 0 in X must belong to K in Theo-
rem 4.3.
5. DISCUSSION
In this paper, we have systematically carried out a rather complete
Ž . Ž . w xqualitative analysis of system 1-11 ] 1-14 . In 1 , it is said that the model
``may be realistic in the situation where the free-space level is relatively
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Ž . Ž . Žhigh.'' Our analysis of system 1-11 ] 1-14 confirms this Theorems 3.1
.and 3.2 . When we discuss the stability in this paper, our main assumption
is
xm xyH uŽ r . d r0s a x e dx F 1. 5-1Ž . Ž .H
t
Ž .Inequality 5-1 implies that the real parts of all eigenvalues of the
operator B are negative. In fact, if the real part of an eigenvalue of the
x Ž . yH0x uŽ r . d roperator B is nonnegative, then we must have sH a x e dx G 1.0
Ž .In the situation where assumption 5-1 is valid, the fraction of the free
space at the steady state is more than one-half.
Ž . Ž .Now recall that n x defined by 4-1 is the positive steady state. LetÃ
Ã x m ÃŽ . Ž .F s A y H a x n x dx. Then F is the free space at the steady stateÃt
Ž .n x . It is easy to see thatÃ
ÃF 1
s .xx yH uŽ r . d rm 0A 1 q sH a x e dxŽ .t
1Ã Ž .Hence, if FrA G , then assumption 5-1 must be valid, and the steady2
state is locally stable by Theorem 4.1. Therefore the 50% free space rule is
Ž .valid: if the steady state given by 4-1 has a steady state free space level
ÃFrA that is one-half or more, then the steady state is locally stable.
w xActually, such a rule was mentioned in 1 , but a thorough mathematical
proof was not given there. Moreover, we would like to point out that the
w x50% free space rule mentioned above is different from the rule in 1 ,
1Ãwhere it is demanded that FrA ) .2
ÃŽ .When the fraction of the free space at the steady state n x , FrA,Ã
exceeds one-half, Theorem 4.3 shows that not only the steady state is
locally stable but also there exists a global attractor.
In summary, our results confirm, clarify, generalize and improve the
w xresults in 1 . We believe that this enriches the demographic theory for
open population with space limited recruitment provided by Roughgarden
w xet al. 1 .
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